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Abstract
Several types of static solutions to Einstein’s equations coupled with
antisymmetric tensor fields are found in (2+N+1)-dimensional spacetime.
The solutions describe a product of a three-dimensional radially symmet-
ric spacetime and an internal maximally symmetric manifold. The scale
of the internal space may depend on the radial distance from the origin
in these solutions.
PACS numbers: 0420J, 0450, 0470B, 1125M
Recently the study of gravity in (2 + 1) dimensions has attracted much at-
tention. The discovery of the three-dimensional black hole solution by Ban˜ados
et al. (BTZ) [1] was a little surprising for theoretical physicists. Since such
a non-trivial geometry was found, the structure of the geometry, the relation
to string theory, and the behaviour of quantized fields in spacetime have been
investigated by many authors [2].
More recently, Chan and Mann found a family of static soliton solutions in
(2 + 1)-dimensional gravity coupled to a dilaton with an exponential potential
term [3]. On the other hand, it is well known that certain types of dilaton
fields naturally arise from dimensional reduction of higher-dimensional theories
[4] (and references therein)1.
In the present paper we consider (2+N +1)-dimensional gravity coupled to
antisymmetric gauge fields and explicitly derive static soliton solutions in two-
dimensional space with N -dimensional compact internal manifold. We assume
1For higher-dimensional theories, see the reviews [5].
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the scale of the internal manifold may depend on the radial coordinate in two-
dimensional space. This type of solution can be regarded as an analogue of
‘local compactification’ [6].
We shall deal with the Einstein gravity with antisymmetric tensor fields
in (2 + N + 1) dimensions. Further, we assume that there is no cosmological
constant in (2 + N + 1)-dimensional spacetime. The action (where we omit
boundary terms) we consider is2
S =
∫
d2+N+1x
√−g
[
1
2κ2
R− 1
4
F 2MN −
1
2N
F 2(N)
]
, (1)
where FMN is a Maxwell field strength, while F(N) is an N -form gauge field
strength.
The convention for indices is as follows. The (2+N+1)-dimensional indices
are denoted by M,N, . . .. They are decomposed into (2+1)-dimensional indices
µ, ν, . . . and N -dimensional indices m,n, . . ..
The field equations are easily seen to be
RMN −
1
2
RgMN = κ
2TMN , (2)
∂M (
√−gFMN ) = 0 , (3)
∂M (
√−gFMN1...NN(N) ) = 0 , (4)
TMN = F
2
MN −
1
4
F 2gMN + F
2
(N)MN −
1
2N
F 2(N)gMN , (5)
where F 2MN = FPMF
P
N , F
2
(N)MN = F(N)P1...PN−1MF
P1...PN−1
(N) N , F
2 = FPQF
PQ,
and F 2(N) = F(N)P1...PNF
P1...PN
(N) .
We assume that the metric takes a block diagonal form in three- and N -
dimensional space. The internal space is assumed to be homogeneous and to
admit an Einstein metric, and that only the overall factor of the space may
depend on the coordinates in three dimensions.
We wish to find the static solution to the equations (2)-(5) which can be in-
terpreted as a product of a three-dimensional radially symmetric soliton and an
N -dimensional internal space whose scale varies with the radial coordinate of the
tree dimensions. The metric can be written as the sum of a three-dimensional
rotationally invariant static metric and an N -dimensional maximally symmetric
metric:
ds2 = e2Nφ(r)
[
−∆(r)dt2 + dr
2
∆(r)
+R(r)2dθ2
]
+ b2e−2φ(r)g˜mndx
mdxn , (6)
where g˜mn is the metric of the N -dimensional extra space. The constant b scales
the internal space. We assume that maximal symmetry of the extra space and
2Owing to a duality, a 3-form field strength may be adopted instead of the N-form one, to
obtain the same solutions for the metric.
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its Ricci tensor can be expressed as
R˜mn = kg˜mn , (7)
where k is a constant, and be rescaled to be 1, 0 or −1.
For an electric point charge, the electric field is obtained by solving equation
(3) as
Ftr = e
2Nφ(r) Q
R(r)
, (8)
where Q is a constant which may be called an ‘electric charge’.
Equation (4) can be solved by the Freund-Rubin ansatz [7], for which all
components of the antisymmetric tensor field FM...N vanish except
F(N)m1...mN = qǫ(N)m1...mN , (9)
where q is a constant.
Substituting the metric ansatz (6) and equations (7)-(9) into the field equa-
tion (2) with (5), we obtain simultaneous differential equations for ∆(r), R(r),
and φ(r). After some manipulation, the equations are reduced to
e−2Nφ∆
[
R′′
R
+N(N + 1)(φ′)2
]
= 0 , (10)
N(N − 1)
b2
ke2φ − e−2Nφ∆
[
R′′
R
+
∆′
∆
R′
R
]
= κ2
[
Q2
R2
+ (N − 1)! q
2
b2N
e2Nφ
]
, (11)
N(N − 1)
b2
ke2φ − e−2Nφ∆
[
φ′′ +
(
∆′
∆
+
R′
R
)
φ′
]
=
κ2
N + 1
[
Q2
R2
+ (N − 1)! 2q
2
b2N
e2Nφ
]
, (12)
where the prime denotes the derivative with respect to r.
The equation (10), which is a combination of the tt and rr components of the
Einstein equation, can be solved by assuming the following simple r-dependence
for R and φ, also adopted by Chan and Mann [3]:
R(r) = γrα and φ(r) = β ln
r
r0
, (13)
where α, β, γ, and r0 are constants. Taking these ansatze, we can see a relation
between α and β from equation (10):
β = ±
√
α(1 − α)
N(N + 1)
. (14)
Apparently, the character of the solution will depend on the charges Q and
q and the curvature of the internal space, k. We examine simple cases in which
we can obtain exact solutions with ansatze (13).
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• Case (i). Q = 0 and k > 0. We have the following exact solution:
∆(r) =
(N − 1)2k
4b2
r2 − M
γ
, φ = 0 , R(r) = γr , (15)
where M is an integration constant and the compactification scale b is deter-
mined by
b =
(
2(N − 1)!
N2 − 1 κ
2q2
)1/2(N−1)
. (16)
In this case, α = 1, and then β = 0 in the expression (14). This solution
is just the BTZ black hole solution [1] with a constant internal space, when
γ = 1. It can be seen that the neutral, rotating BTZ black hole solution is also
admitted for the solution in this case.
Thus the solution has a horizon located at
r+ =
4
N − 1
√
M
kγ
b . (17)
Note that the horizon length is proportional to the scale of the internal space.
The temperature of the black hole is given by
TH =
1
4π
d∆(r)
dr
∣∣∣∣
r=r+
=
N − 1
4πb
√
Mk
γ
. (18)
• Case (ii). q = 0 and k > 0. In this case, we obtain a solution corresponding
to α = −β = 1/(N2 +N + 1). Then the exact solution can be written as
∆(r) =
(N2 +N + 1)2
N2
k
b2
(
r
r0
)
−2(N+1)α
r2 − M
αγ
r1−α , (19)
φ(r) = −α ln
(
r
r0
)
, R(r) = γrα , (20)
where α = 1/(N2 + N + 1), M is an integration constant. There is a relation
among γ, b, r0, k and Q:
(N + 1)(N − 1)2
N
kγ2r2α0
b2
= κ2Q2 . (21)
If M > 0, the spacetime described by (19) and (20) has an event horizon.
The location of the horizon is
r+ =
(
N2r
−2(N+1)α
0
N2 +N + 1
b2M
kγ
)(N2+N+1)/N(N−1)
. (22)
The temperature of the black hole is given by
TH =
1
4π
d∆(r)
dr
∣∣∣∣
r=r+
=
N(N − 1)
4π
M
γ
(
N2r
−2(N+1)α
0
N2 +N + 1
b2M
kγ
)
−1/N(N−1)
.
(23)
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• Case (iii). k > 0. In this case we find a solution corresponding to α =
N/(2N + 1) and β = −1/(2N + 1). Then the exact solution can be seen to be
∆(r) = (2N + 1)2
k
b2
(
r
r0
)2(N+1)β
r2
+
(2N + 1)2
(N − 1)2
κ2Q2
R(r)2
(
r
r0
)2Nβ
r2 − M
αγ
r1−α , (24)
φ(r) = β ln
(
r
r0
)
, R(r) = γrα , (25)
where α = N/(2N + 1), β = −1/(2N + 1), and M is an integration constant.
The relation among γ, b, r0, q, and Q is
(N − 1)(N − 1)!γ
2q2r−2Nβ0
b2N
= Q2 . (26)
This spacetime described by (24) and (25) may also have an event horizon.
The location of the horizon is determined by the equation
(2N + 1)2
k
b2
(
r
r0
)2(N+1)β
r2 +
(2N + 1)2
(N − 1)2
κ2Q2
R(r)2
(
r
r0
)2Nβ
r2 − M
αγ
r1−α = 0 .
(27)
For general values of Q there can be one or two roots for (27) if M > 0.
Therefore the internal structure of the horizon will be worth studying in general
cases. We leave this subject for future work. We focus on the special case
Q = q = 0. In this case the solution becomes
∆(r) = (2N + 1)2
k
b2
(
r
r0
)2(N+1)β
r2 − M
αγ
r1−α (when Q = q = 0) . (28)
with α = N/(2N + 1) and β = −1/(2N + 1). The horizon is located at
r+ =
(
r
2(N+1)β
0
N(2N + 1)
b2M
kγ
)(2N+1)/(N−1)
(29)
and the temperature of the black hole is
TH =
1
4π
d∆(r)
dr
∣∣∣∣
r=r+
=
N(N − 1)
4π
M
γ
(
r
2(N+1)β
0
N(2N + 1)
b2M
kγ
)
−N/(N−1)
. (30)
• Case (iv). q = 0 and k = 0. In this case we obtain a solution corresponding
to α = (N + 1)/(2N + 1) and β = −1/(2N + 1). The exact solution can be
written as
∆(r) =
(2N + 1)2
N(N + 1)
κ2Q2
γ2r2Nβ0
− M
αγ
r1−α , (31)
φ(r) = β ln
(
r
r0
)
, R(r) = γrα , (32)
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where α = (N + 1)/(2N + 1), β = −1/(2N + 1), and M is an integration
constant. The spacetime described by (31) and (32) has a ‘cosmological’ horizon,
i.e. ∆(r) = 0 for r = rH and ∆(r) > 0 for r < rH , where
rH =
(
2N + 1
N
κ2Q2r−2Nβ0
γM
)(2N+1)/N
. (33)
This case yields a singularity at the origin. Thus the solution does not
describe a black hole and is just a solitonic solution.
• Case (v). Q = 0 and k = 0. We obtain a solution corresponding to
α = (N +1)/(5N +1) and β = −2/(5N + 1) in this case. The exact solution is
∆(r) =
(5N + 1)2(N − 1)!
2(N2 − 1)
κ2q2
b2N
(
r
r0
)4Nβ
r2 − M
αγ
r1−α , (34)
φ(r) = β ln
(
r
r0
)
, R(r) = γrα , (35)
where α = (N + 1)/(5N + 1), β = −2/(5N + 1), and M is an integration
constant. This spacetime described by (34) and (35) also has a ‘cosmological’
horizon located at
rH =
(
(5N + 1)(N − 1)!
2(N − 1)
γκ2q2r−4Nβ0
b2NM
)(5N+1)/2(N−1)
. (36)
In this spacetime a singularity lies at the origin. Thus the solution is merely
a solitonic solution.
• Case (vi). Q = q = 0 and k = 0. In this case a general solution is
∆(r) = cr1−α , (37)
φ(r) = β ln
(
r
r0
)
, R(r) = γrα , (38)
where
β = ±
√
α(1 − α)
N(N + 1)
(39)
and C is an integration constant. Obviously this spacetime described by (37)
and (38) is singular. For α = 1, the dilaton field is decoupled and the solution
corresponds to a point singularity with a deficit angle at the origin.
In this paper we have obtained exact solutions to Einstein’s equations cou-
pled with antisymmetric tensor fields in (2+N+1)-dimensional spacetime. The
solutions describe a product of a three-dimensional radially symmetric space-
time and an internal space of which the scale may depend on the radial distance
from the origin. Our solutions can be applied to various supergravity models;
for example, N = 2 supergravity in five dimensions [8] includes a U(1) gauge
6
field, and then compactification to three dimensions naturally occurs in such a
model.
Classical stability of the solutions will be one of the topics to study in future
work. The evaporation process of black holes of the present type should also be
investigated; the extra dimensions may affect the property of the black hole.
If there has been a ‘dimensional’ phase transition in the very early history of
the universe, the spacetime described by our solutions may arise as topological
defects or dislocations. To determine whether these ‘wrong’ reductions might
be able to take place and have an influence on cosmology we must be better
acquainted with the quantum theory of gravity.
We can generalize our work to the case with a dilaton field, which is typically
introduced by string theory. The 3-form tensor fields strength will naturally
induce the compactified geometry. We plan to discuss these subjects elsewhere.
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